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= General Two-Dimensional Scaling Directions.
=  Matrix Concatenation Properties.
= General Two-Dimensional Composite Transformations and Computational Efficiency.

= Two-Dimensional Rigid-Body Transformation.



General Two-Dimensional Scaling Directions

Parameters sx and sy scale objects along the x and y directions. We can scale an
object in other directions by rotating the object to align the desired scaling
directions with the coordinate axes before applying the scaling transformation.

VoA

Scaling with rotation

- S(sq, 52) - R(#)



General Two-Dimensional Scaling Directions

To accomplish the scaling without changing the orientation of the object,

» we first perform a rotation so that the directions for s1 and s2 coincide with the x
and y axes, respectively.

» Then the scaling transformation S(sl, s2) is applied, followed by an opposite
rotation to return points to their original orientations.

» The composite matrix resulting from the product of these three transformations is

51 cos” @ + 59 sin” @ (52 —s51)cosfsmé ()
R71(#) -8(51,5)-Ri(0) = | (s —sy)cosfsinf sysin“# +s:cos2d 0
0 (0 1




General Two-Dimensional Scaling Directions

Example

1- Rotate by 0 =45

2-Stretch the square shown in figure a,
in X axis direction by factor 1 and in y-
direction by factor 2, s.=1 and s,= 2.

O 3- Turnback by =45 ¢( 4\
|

R0 o

Q&

(1), 1) (1.1)
(0. ) (1,10} X

AN

R0 8;-%5\



General Two-Dimensional Scaling Directions

= Turn a unit square into a parallelogram by stretching
it along the diagonal from (0, 0) to (1, 1)
=« Rotate the diagonal onto the y axis using 6 = 45°
= Double its length with the scaling values s;=1 and s,=2
= Rotate again to return the diagonal to its original orientation

vi
@.2)
(172,372) i/

(1,1)
i Y
; - _
I R Te)

(0, 0) (1,0) x (0, 0) T
(a) (b)

(n, 1]




M at riX Concate nation Pro pe rties Depending upon the order in

which the transformations are
specified, we can construct a
composite matrix either by
multiplying from left to right

s Multiplication of matrices is associative (premultiplying) or by
multiplying from right to left
M- Mz M; = (Ms- Mz)- M; = M; - (Mz- M;) (postmultiplying).

m Depending upon the order in which the transformations
= by multiplying from left-to-right (premultiplying)
= by multiplying from right-to-left (postmultiplying)

= In OpenGL's convention:

= V'=B*(A*V), V'=(B*A)*V, C=B*A; \V'=C*V;
= In DX's convention:

= V'=(V*A)*B, C=A*B; \'=V*C;



Matrix Concatenation Properties

% Transformation products, on the other hand, may not be commutative. s

» M2 x M1 is not equal to M1 x M2

«* This means that if we want to translate and rotate an object, we must be
careful about the order in which the composite matrix is evaluated

- A

Final Final

Position Position

{a) (b)

Reversing the order in which a sequence of transformations is performed may affect the transformed position of
an object. In (), an object is first ranslated in the x direction, then rotated counterdockwise through an angle

of 45°. In (b), the object is first rotated 45° counterclockwise, then translated in the x direction.



General Two-Dimensional Composite
Transformations and Computational Efficiency

A two-dimensional transformation,
translations, rotations, and scaling, can be expressed as

== ] “'- ==

£
I

FSyy

0

FSry
Sy

(]

frs.

frsy »

1

representing any combination of

X

J Eqn(1)

The four elements rsik are the multiplicative rotation-scaling terms in the
transformation, which involve only rotation angles and scaling factors. Elements trsx
and trsyare the translational terms



General Two-Dimensional Composite
Transformations and Computational Efficiency

For example, if an object is to be scaled and rotated about its centroid coordinates
(xc, yo) and then translated, the values for the elements of the composite
transformation matrix are

Ti(f,, ty) -Rix., y., 8)-5(x,, Y., 5, 5y)

‘sycos —s,sinf  x. (1l —s,.cosb) + s, smb 41, Eqn(2)
= | 8,51 é@ sycos@ (1l —s,co80) — x5, 5inf + 1y |
0 0 1

O From eqn(1) it requires, it requires 9 multiplications and 6 additions

dActually, only 4 multiplications and 4 additions

Ilr =X - ]"5_1-_1- + y : ;I'Sxy + .E-;IFE_-E_, !f’ =X - ]"55;_1: + .1"|r : i"'i;]ﬂ,- + .E-;IFEF-



General Two-Dimensional Composite
Transformations and Computational Efficiency

» Once matrix is concatenated, it is maximum number of computations
required.

» Without concatenation, individual transformations would be applied
one at a time, and the number of calculations could be significantly

Increase.



Computational Efficiency

s Rotation calculations require trigonometric
evaluations and several multiplications

s Computational efficiency can become an important
consideration in rotation transformations

s For small enough angles (less than 10°), cosB is
approximately 1.0 and sin@ has a value very close to
the value of 0 in radians

x cos® —sinf 0 X
— | sin® cos# O . .
‘l{ Ef 0 1 ‘1: x' = x—ysinb, YV =xsinf+y




Computational Efficiency

= Composite transformations often
involve inverse matrices

= Operations are much simpler than direct
inverse matrix calculations
= Inverse translation matrix is obtained by

changing the signs of the translation
distances

« Inverse rotation matrix is obtained by
performing a matrix transpose



Two-Dimensional Rigid-Body Transformation

If a transformation matrix includes only translation and rotation parameters,
it is a rigid-body transformation matrix

= All angles and distances between coordinate
positions are unchanged by the T
transformation I3 ]

= Upper-left 2x2 submatrix is an orthogonal
matrix

= TwoO row vectors (ry,, ry,) and (r,, r,,) (or the two
column vectors) form an orthogonal set of unit
vectors

= Set of vectors is also referred to as an
orthonormal vector set




Two-Dimensional Rigid-Body Transformation

= Each vector has unit length

2 2 2 2
"xr"'r:y_ryr"'ryy_l

= Their dot product is 0

rx]rlﬂ"l‘rxyryyl:ﬂ

= If these unit vectors are transformed by the rotation sub-matrix, then
Far Tay O Tex 1
tye Ty Of . |ry|=[0
0 0 1 1 1
Tyx Toy O Fyx [0
ryx Ty Of . fry| =11
0 0 1 S

= Example,

cosf —sinf (1 —cosd) + ysind + &
Tite, ty) - Rxy, 1, 6) = | sin®  cos® (1 —cosd) — - sind + 1y
0 0 1

“cosf —sin@® 0 cosé 1
sin & cosf@ 0| .| =siné| =10
| 0 0 1 1 1




Two-Dimensional Rigid-Body Transformation

(a)

(b)

The rotation matrix for revolving an

object from position (a) to position (b)
can be constructed with the values of
the unit onentation vectors u’ and v*

relative to the original orientation.



End of Lecture
Good Luck!

See you
in next lecture...
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